This paper presents an analysis of the invariant manifolds for a general family of locally coupled map lattices. These manifolds define the different types of full, partial, and antiphase chaotic synchronization that can arise in discrete dynamical systems. Existence of various invariant manifolds, self-similarity as well as orderings and embeddings of the manifolds of a coupled map array are established. A general variational equation for the stability analysis of invariant manifolds is derived, and stability conditions for full and partial chaotic synchronization of concrete coupled maps are obtained. The general results are illustrated through examples of three coupled two-dimensional standard maps with damping.
INTRODUCTION
During the last 10-15 years, coupled maps and coupled map lattices (CMLs) have come to play an essential role in the theory of dynamical systems as objects for which different properties of complex temporal and spatio-temporal behavior can be studied [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] . Among the most interesting phenomena that can arise in coupled map systems, full and partial synchronization, on-off intermittency, attractor bubbling, and riddled basins of attraction have been studied in numerous papers for different dynamical systems and from different points of view [1, [5] [6] [7] [9] [10] [11] . These phenomena are directly Corresponding author. 245 related to the existence of stable linear invariant manifolds to which the trajectories of the synchronous modes of groups (or clusters) of CML elements are restrained.
Our objective in the present paper is to study cluster synchronization and invariant manifolds for the general family of coupled identical and regularly arranged maps. A simple example of such a CML is the one-dimensional array of one-dimensional maps i f(xi) + [g(xi-1) 2g(xi) + g(xi+l )], (1) where i--l, 2,..., N represents the discrete space coordinate, and a bar over the variable x denotes next iteration, f: R -+ R is the nonlinear map associated with the individual element, and g" RI+ R is a coupling function, with c being a measure of the strength of the coupling. For g(x) x, the system (1) reduces to the much studied diffusively CMLs [3, 5, 9] , and for g(x)=f(x) we recover the so-called nonlinearly CMLs as studied, for instance, by Kaneko [1] .
We have recently described a family of stable invariant manifolds for diffusively coupled systems of differential equations [13] . An example of such a system is a regular chain of coupled Rossler oscillators. The invariant manifolds serve as a frame for the possible dynamical behaviors of the coupled systems in phase space, defining in particular the various types of synchronized behavior that can occur. In the present paper we consider the existence and stability of the invariant manifolds that define the various states of partial synchronization (or cluster dynamics) for an array of elements of general multi-dimensional maps with local coupling.
Given the multi-dimensional single map As previously noted, our aim is to study global aspects of the dynamics of the map T related to the existence and stability of invariant manifolds defining the possible cluster synchronizations of the individual elements. Throughout the study we shall assume zero-flux boundary conditions, i.e., x0 x and X u XN+ (4) The boundary conditions obviously play an essential role with respect to which manifolds can exist and be stable.
2=F(x), xERm,
we consider the N-dimensional array of identical elements having identical dynamics defined by the single map F and with interaction with the neighboring elements through the coupling function G, i.e., we consider the N m-dimensional map T:
where i--1,2,...,N. As before, the bar denotes next iterate (now of the vector variable x), and e is a measure of the coupling strength. The function G(u, v, w) is assumed to be symmetric and to satisfy the conditions
Similarly, to the function g(x) in the simple array of one-dimensional maps (1) 
(2) For n= 1, U=x we obtain the "diagonal" manifold M(N, 1) with the single map (1) in it due to the symmetry (3) . In this case we have one cluster spatial dynamics exhibiting full synchronization of the array when the spatial sites are "all doing the same thing at the same moment, even though it is chaotic motion" [7] .
The manifold M(N, n) for < n < N corresponds to cluster synchronization when all elements of each of n clusters are identical in their dynamics.
Let us hereafter study the problem of the existence of invariant manifolds for the map T.
It turns out that for the system (2) (6) are linearly independent, then the map T has an n x m-dimensional invariant manifold M(N, n) with the coordinates (ul, u2, un) in it.
The manifold M(N,n) defines n synchronous clusters of the array, such that the nonzero elements of the matrix C pick out those elements from the array that form the n clusters and define the size of each cluster.
As an example, we immediately introduce two well-known clusters:
(1) For n N, U X, C is the unit matrix, and we obtain the manifold M(N, N) being the phase space of the map T. Hence, the system (2) has N independent elements (N clusters). The dynamical system in the invariant manifold Ma(N,n) is defined by the system (2) , where N stands for n with zero-flux boundary conditions (4) . Proof The proof of the theorem is straightforward as well.
COROLLARY
For even N=2n the embedded manifold Ma(N,n)=M(n,n), i.e., the manifold Ma(N, n) may be considered as the phase space of the original system (2) with hag'the original dimension.
Hence, Theorem 1 applies to T]M(N,n) for even N.
COROLLARY 2 For odd N-2n-1 the system (2) is not self-similar in the manifold Ma(N, n) because of asymmetric boundary conditions (7) and Theorem 1 does not apply to TIM(N,n). Hence, for N= p. 21, where p is an odd number, we obtain the following ordering of dimensions of the embedded invariant manifolds."
The manifold Ma(N,n) has an alternating symmetry, and each of the n clusters has r elements such that for even r the first and the last elements of the array, xl and xv, belong to the same cluster and Ma(N, n) has the central symmetry with respect to the middle of array. Hence, for even r the manifold Ma(N,n) is related to the manifold M'(N,n) of (12, 4) .
FAMILIES OF EMBEDDED INVARIANT MANIFOLDS
From Theorems and 2 it follows that independently from the individual dynamics defined by the single map F (x), the system of coupled maps (2), i.e. the map T, has invariant manifolds with the central symmetry M as well as manifolds with the alternative symmetry M which exist due to the symmetry of the coupling (3) and the symmetry of the boundary conditions (4) . The significant feature of Theorems and 2 is the recurrence due to self-similarity of invariant manifold dynamics. Together with the permutation of cofactors of N in Theorem 2 this allows us to use these theorems as generating rules for obtaining families of invariant manifolds and studying their hierarchy. In this way we can determine the different spatial-temporal dynamical regimes of the complicated cooperative behavior of coupled maps. (10) is composed as follows:
Rule 3 Let N--q.pk, where p is a prime number and q is an arbitrary integer. Then similarly to Rule 2 we have an ordering
which is accompanied by an ordering analogous to (11 
on it.
In turn, due to Theorem 1, the manifold Ma(N, 3) has the submanifold MC(3, 2) with the map 2.1 F(x) + . G(xl,xl,x2), 22 F(x2) + e" G(xl,x2, xl) (5) on it.
Note that the map (13) due to (3) has the symmetry x = x2. This situation was considered, for instance, in [4] .
As examples we list some cases of interesting numbers of individual subsystems (1) composing the array (2) . Proof The proof of the theorem follows from the fact that the last n equations of (2) Remark 2 Similarly to the case of continuous time dynamical systems coupled in an array, the orbits in the transversal manifolds may be related to anti-phase synchronous orbits.
The orderings described in Sections 3-5 determine the existence of all permitted manifolds and therefore all possible cluster structures defined by stable linear invariant manifolds. They may also determine the order of cluster regime appearance with changing coupling between the individual subsystems of the array (2) . Thus after having considered the conditions for the existence of invariant manifolds, the main problem is to obtain the conditions for their stability. That is the topic of Section 5.
STABILITY OF INVARIANT MANIFOLDS
The Lyapunov local stability of an invariant manifold M(N, n) implies that this particular manifold is "observable" and hence that it corresponds to partial synchronization of N elements distributed in n synchronous clusters. Hereafter we present the variational linear equations for the simple case of system (2) . We consider the one-dimensional single map 2--f (x), f" R -+ R and the CML with nonlinear coupling defined by the scalar function g(x), g" R 1--, Rl, i.e., we consider the map (1) with zero-flux boundary conditions (4) .
Equation (1) (17) As before we denote the vector of cluster coordinates U-(Xl, x2,..., xn)T.
Let C be the matrix from Theorems and 2 (picking out the coordinates of X into a particular cluster). Let us study the conditions of stability of the manifold M(N, n). 
where S is the matrix S with N replaced by n and the last line in the matrix changed in the case of asymmetrical boundary conditions.
Thus, the system of Eqs. (18) and (19) allows us to calculate the Lyapunov exponents for each trajectory from the limiting set filling out the attractors of the system (19) and hence to characterize the local stability of the manifold M(N,n). In the general case of chaotic maps (19) it is hard to avoid computation of the eigenvalues of the products of matrices L(u) along trajectories of the map (19).
Nevertheless, it is possible to estimate the multipliers for certain cases off(x) and g(x) in (1).
Example Let N= 3 and assume that we have an array of 3 locally coupled one-dimensional maps. Then for (18) and (19), respectively we obtain 071 {f'(xl) e. g'(xl)]yl,
For the diagonal one-dimensional manifold M(3, 1) {Xl x2-x3} we obtain for Yl Xl-X3, Y2-x-x2 the following variational equations:
where Xl is driven by the single map 2-f(xl). Note that even for this simple case we meet the problem of how to choose the coupling function g(x) in order to provide stability of the twodimensional manifold for some range of parameter e and inside of this range to provide stability of the manifold M(3, 1) for a smaller interval of e. We need this stability since only in this case may partial synchronization be realized (the manifold M(3, 2) must be stable and the diagonal M(3, 1) must be unstable). In the alternative case when the manifolds M(3, 1) and M(3,2) acquire their stability exactly in the same region of parameter c, only the dynamical regime of full synchronization exists.
We present two simple examples for sufficient conditions of stability of (1) This gradual increase of stability of invariant manifolds is a particular possible scenario of bifurcations leading to full synchronization. In the general case this ordering may be broken at any place. In this connection the problem arises to find a map F and a coupling function G in (2) providing the reverse ordering of stability for N=2 (or In the next section we exhibit this possibility for example of coupled standard maps with damping.
EXAMPLE
Consider as a computational example of three coupled two-dimensional standard maps with damping [5, 12] 
